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Momentum, Angular Momentum, and Equations of
Motion for Test Bodies in Space-Time with Torsion

Fang-Pei Chen'
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The definitions and transformation properties of momentum and angular
momentum of test bodies possessing both macroscopic rotation and net spin are
discussed. The equations of motion for momentum and angular momentum of
test bodies are derived and written in a covariant form when the energy-momen-
tum tensor is symmetric.

1. INTRODUCTION

In a previous paper (Chen, 1990) (hereafter referred to as I), the author
derived the following conservation laws (or identities) for matter fields from
the most general functional form of Lagrangian density #,, in space-time
with torsion:
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All of T¥, T,”, and I; are energy-momentum tensor densities of matter
fields, but in different indices, and €, is called the generalized spin density
in I; i, j, k, and other Latin letters are frame indices; 4, v, A, and other Greek
letters are coordinate indices. T (=g"°T;") or T,; may be asymmetric in
the general case.

The aim of this paper is to derive the equations of motion for test bodies
from equations (1) and (2). I shall treat the complex case in which the test
bodies (e.g., neutron stars) may possess both macroscopic rotation and net
spin.

Papapetrou (1951) derived a set of equations of motion for test bodies;
his equations are covariant with respect to the general coordinate trans-
formations. However, Papapetrou’s equations can only describe the behavior
of test bodies possessing macroscopic rotation but without net spin, and
those equations are suited only to the space-time of general relativity in
which torsion does not exist. Yasskin and Stoeger (1980) derived another
set of equations of motion for test bodies possessing both macroscopic rota-
tion and net spin in space-time with torsion, but their equations are not
written in a covariant form, i.e., they are suited only to special coordinates.
The equations of motion derived in this paper are more general and simpler
than Papapetrou’s equations and Yaskin and Stoeger’s equations,

2. SOME DEFINITIONS AND RELATIONS

The test body can be looked upon as a macroscopic matter field whose
dimensions in 3-space are very small compared with a certain characteristic
length; thus, the test body will describe a narrow tube in the space-time.
According to the method developed by Papapetrou (1951), a line L which
may represent the motion of the test body is chosen inside this tube. The
coordinates of this line are denoted by X”, they are functions of the proper
time S along the line L, where dS=g,, dX” dX". The tensor density fields
P4 p--(x) which describe certain properties of the test body are different from
zero only inside the world tube.

Define the quantities @ from 2 by the integrals

Mahoar (X)=U° f SxMExM - - FMDEET(x) dx 3)

where
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The integration is carried out over the three-dimensional volume at a con-
stant #=X" (the speed of light is taken as unity). The quantities

M Il (X))

are called the moments of order » for the field 245 (x).
Thus, the moments of order 0 and 1 for the energy-momentum tensor
density field T¥*(x) are defined, respectively, by

M™*(X)=U° | T*(x) d’x €y

and

AMP(X)=U" | 6x* T (x) d°x (5)

o

Note that M **(X ) =0 since the integral refers to the hyperplane r=X° and
8x°=0. Moreover, the moment of order 0 for the generalized spin density
field €*"*(x) is defined by

N¥(X)=U" f M (x) d%x (6)

where
() =g Hoh 6, (x)

Usually the macroscopic rotation angular momentum and generalized
spin angular momentum of a test body are defined by

Z.MVO(X) _ VMZ,O(X) _

L*(X)= o

f[ax‘zm(x) -8x" I d’x ()
and
AV
S“(X)=———N ;f,X )=fcs“°(x) d’x 63

respectively. In I, S*" is denoted by C*". Since the three space dimensions
of the test body are very small and the rotation angular momentum is greater
than the spin angular momentum in general for rotational bodies (e.g.,
peutron stars), it is supposed that all moments of order higher than 1 for
the field T"(x) and all moments of order higher than 0 for the field €*"*(x)
are vanishingly small and can be neglected.
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By raising, lowering, or altering the indices of the tensor density, we
can rewrite equations (1) and (2) as

zv#,” + (rvo_u _ 2Tay V)zau —%Gaﬂ”Raﬁ”v = (1/)
and
Q:uﬁu’” = 2:1[1113] — raau(gcﬂﬂ - rﬂw(;;acu (21)

where T,," =gq08"?T%,5 and T°,p is the torsion tensor.
Utilizing the relation

v v v
I‘V‘,”={Gu}+ T ou—Ts'u— Ty

we find that (1) becomes

Ivﬂ’u —+ ({ 14 }—Avay)zaﬂ _%(zaﬂyRaﬁ”vzo (1")
ou
where
A oy=T ou+ T =T o=—A"s 9

Using methods similar to that of Papapetrou (1951), it is not difficult
to derive the following relations from (1”) and (2'):

V0
v M (W O
ou op

—3Rup, " (U*S P+ 1M ePY = (10)
v0 u 3 gvO
M= +i(10)+({ ’ }+A"a,)”M‘" (11)
U dS\U oT
a V, va Ua W Up a Vi
M2 +PM =—[—/—0(”M°)+—[75(M°) (12)
4§98 =20 1P T, NP TP, oo 13
ZS' - ou ou (13)
Naﬁu= UuSaﬁ+2uM[aﬁ] (14)
where
X

das
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I shall utilize these relations to find the equations of motion for test
bodies. But before doing so, it is worth discussing the transformation proper-
ties of M™(X), *M**(X), and N**(X).

3. THE TRANSFORMATION PROPERTIES OF M™, *M", N** L*,
AND S*

In Appendix A 1 prove that under the infinitesimal coordinate trans-
formations x* — x™* = x* + £¥(x) the quantities

Quiri(X)  and  *QLEZI(X)
transform according to
IX* oxHe F) Gil) & - )
Qeler- ()= m oxm oy x| Qo)
2 (axf“ oxm aXPax® >Q,
ax*\ox™ ax™  ox™ ox™

d (1 ax° ax* ax*r  axh

e (X)

Tas \U® ax* ax™tt ax™t ox™
ox” R
X O (X)) (15)

and

oxXH ox*? 6X”" 6X’ﬂ2

oxX™ oxX'™ 6X"" X az
(@
ax”* U°oxr*

foner(X) =

)”Q’"'V2 x) (16)

respectively, it is assumed here that all moments of order higher than 1 are
equal to zero.

The transformation formulas of M**, *M** and N*** can be obtained
from (15) and (16) immediately:

" a (ox” ax*
MW(X)_aX ax ( e

lM/aﬁ X'
ax" ox"* ax*\ox ax"’) @)
d{1 éx° ox 7). I

( Y

M0+

das

17
U° ax” ox”® ax’* a7
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Since it has been supposed that ”N'°*#(X") can be neglected, (19) reduces to

ox* ax¥ ox"

NYH(X)= —— N B(x’ 19’

*)= ax"° ax"“ ox” *x) 1)

The transformation formula of §*” can be derived from (8), (19'), and

(14); we get
N}.VO X
SlV( X) ( )
U°

1 ax* ax¥ ox°
U° ax'’° ax"™ ox'*?
1 ax* axv ax°
T U% ax”° ax™ ax”
_ Xt x’
aXIO' aX!a

s +

N:o’aB(Xl)

[U'ﬁS ma(Xr) + ZBM r[da](X')]

2 ax°

00 M 700)

(20)

In order to derive the transformation formula of L*, I write first a

relation which enables *M " (X) to be

A
A.ny_l Y
20U

NS VIAGIRG VAT By Vil i Ul (VM[HO] + HM[VOI)
This relation is proved in Appendix B.

can be derived from (7), (18), and (21
lMVO(X) - VMXO(X)

connected with U"(X), L*'(X), etc.:

5 (UL +UPLY) +3 (U LY + U L)

@

The transformation formula of L*
); we get

L*(x)= 7
=_[6X" ax° (ax‘ % ax")_ ax* ax° (6X" U ax°)]
U°Lox ax* \ox? U°®ox*/ ax° ox?\ex” U°ox”
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1U°
% {:2_' _[_J_T_O [UULIBO(X/) + UrﬁLNZO(X/)] +%[UaLlpﬂ(Xl) + U-rﬂLlpa(X/)]

+ pM'[aﬁ] _ ﬂ!]MI[I3F’] — ﬂMI[aPl + U/p(ﬂMl[ﬂU] + ﬂM/[aol)}

_xt oxv ., 1 X" ox° (ox* U* ox°
—_L'P(X)+ -
6X”’ ox” ax"® ax*P\ox* U° ox*
A 0 v A
_ 6X 6X (8X _ E/_ aXO)] [pM,[aﬂ] _ aM/[ﬁp] - ﬂM/[ap}
ox® axP\ox* U° ox”*
+UP( M+ P ) (22)

1t is evident from (20) and (22) that $** and L*" all are not tensors if
the energy-momentum tensor is asymmetric. But in either case the energy-

momentum tensor is symmetric or its antisymmetric part can be neglected
on account of “M"*P1=0, (20) and (21) become

aXl oxv
SMx — §"°NX 23
Xx)= X7 axe X9 (23)
and
ox* oxv
LAV — fpa X' 24
(@)= ox”’ 6X"’ @) (24

respectively, i.e., they are tensors.

Since physical theory requires always that angular momenta $*" and
L* must be tensors, then, in the case of asymmetric energy-momentum the
definitions of $*" and L for test bodies must be revised. If the definitions
(7) and (8) are preserved, the energy-momentum tensor must be symmetric
or its antisymmetric part must be neglected; I shall consider only the case
of T"1=0 in the following paragraph.

In I the momentum of test particles was defined by

pX)= JZV"(X) d’x (25

P'X)=g"(X)p.(X)
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Since *M " =0 for test particles, it is easy to demonstrate
p'x)= jg""(x)ip"(X) d’x= IT(’(X) d’x (26)

So the momentum of test particles can also be defined by (26).
Utilizing (4), we can write the definition (26) as

MVO(X)

piXx)= 27
The transformation formula of M*°(X) can be obtained from (17) and (11):

MVO(X) =

axv ox° 0 (aX" ax°
Mlaﬁ X’
ox"*® ax® @+ ax*\ox” ox’*

d [1 oxX° ox* ox°

) M/aﬁ(X/)
ds

_ oxv aXO [U,p M:aO(X/)+ (ﬂM;aO(XI)>
ox* ox"* vt ds\ U

al o [ox” ax°
+ + A% |PMP (X ]+——< )‘M'“ﬁ X'
<{Gp} ”) @) ax*\ox ax? X

A1 o or ax

U® ax* ax® ox*

A.M/aﬁ(Xp)j,

AM/uﬁ X' ]
ds' LU® ox* ox* ox” = 28)

Owing to *M"*# =0 for the test particles, (28) becomes

* x”

M (X)=
( UyO a 10

— M"™°(X") (29)

Hence

MVO(X) aXV M/QO(X/) aXv
UO a 1a U70 a MZ

pP’x)= P (30)
For the test particles, this means that p*(X) is a 4-vector. We point out that
the relation (30) does not exist for test bodies because their *M™*# 0
in (28).

Since physical theory requires always that the momentum p* must be a
4-vector, the definition of momentum for test bodies ought to be revised.
Papapetrou (1951) demonstrated the following relation for test bodies with
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symmetric energy-momentum tensor:
1 v0 14 o0
— | M7 (x)+ LX)
U po

ox’ 1 al
= — | M"Y’ +{ }U‘*L""’ X’] 31
e U’°[ X" 5n X" Gh

Using this relation, I make the following definition of the momentum 4-
vector for test bodies when T1*!=0:

V=L v0 v oy o0
7 (M +{po_}UL ) (32)

It is evident that the quantity m=p"U, is a scalar. Owing to L"* =
—I1*Y, we have

DL*
=p'U,=p'U,+U, U, ——
m=p 14 “" DS
—( Y+ U DLV”)U =P'U (33)
p “s |7 v
where
vy v
Pr=p+U, 2 =~15(M"°+{ § }U"L"“)+ y= 2L
DS U po DS
and
vu v
DL _dL +{ v }L’"’U’+{” }L""U’ (34)
DS ds nt nt

Papapetrou (1951) introduced the quantity P” in his equations of motion
for test bodies and so did Carmeli {1982) and others. I would not like to
introduce P* and shall use only p¥ because p" is simpler than P",

4., THE MOMENTUM AND ANGULAR MOMENTUM
EQUATIONS OF MOTION FOR TEST
BODIES WHEN 3" =9

In case the energy-momentum tensor is symmetric or its antisymmetric
part can be neglected, T "*1=0; hence

M¥ =M, MEP=0;  A4%,M7=0
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Then equations (10), (11), (13), (14), and (21) become

v
£ el nare oo

v0 quO
M= M +—d—( ; )+{ Y }"M‘" (36)
U dS\U oT
% Si.v — _r}c}uNavu _ l—wvm‘NAou (37)
N =p*r st (38)
and
1 U*
M =37 (UYL + U*L) +3 (U L* + U*LY)
respectively.

From (36), (7), and M** = M"" we get an important relation:

u v
‘[‘J_GMVO_—({EMHO+£(L”V)+{ V}”Mar__{”}vMor=0 (40)
U U as oT oT
We can also write (36) in the form
MVO d val)
M =" 0+—( . )+{” }"M‘” (36
U dS\ U oT
Therefore
00 yMOO
M“°=U"M—O+i( 5 )+{0 }“M‘” (41)
U dsS\U oT

With the help of (41), (7), and °M°” =0, equation (40) can be transformed

into
H vO v uo v
L G e
ds U° 45 U d§ or) U lor

iy _y_"_{O})v or_
+ ({m} ol () M7 =0 42)
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It is now possible to derive the equation of motion in a covariant form.
From (37) and (38) we get

d
e SY=—(T*, 8 +T",,S*)U* (43)

This is the generalized spin angular momentum equation of motion for test
bodies.

The rotation angular momentum equation of motion for test bodies can
be derived from (42), (34) and (39) without difficulty:

DL”V+ u* DL"“__ U” DL*®
DS U° pS U° DS

(44)

Since we have the relation (Papapetrou, 1951)

H uo
P =Zlfo (M”°+ { ”}L}L“" U’l)=~———( go)z (M"" + { 0}} L°° U‘) +gla D zfs (45)
g (e

we can also write equation (44) in the form

br*
DS

+U*p"~ U"p" =0 (44)
or

Bv
a__ ({ K }L”W—{ Y }L‘”’) U+ U - UMpY (44")
das nt nt

From (35), (32), (36), and (39) we can obtain the momentum equation
of motion for test bodies:

d v
j; =—{Gvy}p“w+%R,,,,,,Vs"ﬂU"+%R,,,,,,V({-})L“/’U“ (46)

after some elementary calculations, where

Raﬂu":galgleﬂur
Rlﬂuf = rlﬁr,u - rkﬂﬂ,r + rlpurpﬁf - Flprr “pu
Rup*({*})=8or8" Ripue( 1)

et -l - Clla)
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APPENDIX A

Since U°=dX°/dS=dx"/dS and dS=dS’, under the infinitesimal coor-
dinate transformation x* — x™ = x" + £*(x) we have

QL (X)=0° f@ﬁlf:i: d’x
L [ o o
ds’ ox'™ ox'? ox™
ox'P

e D () dx' (A1)

and

fohei(X)= U°J5x‘ Dot (x) dx

1 & 50 X oxt ax
dS’ ox'P ox'™
OxH? ox'Pr ox'P2 v ,
x ax"’z T axll| 6xa2 te 'pllﬂlz (‘x) d3 (A2)

where §x*=x*—X* SxP=x*—-X".

When x* — x| the world tube L and the representative point X of a
test body are transformed into L' and X', respectively, (see Figure 1) and
the hyperplane 4B is transformed into the hypersurface A’B’. Note that
x?#X" on A'B, although x*=X° on AB, but we can draw a hyperplane
CD through X'; and enable that the time coordinate y° of every point y on
it satisfies y°=X".

Fig. 1
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Now consider two points y and x’ on one world line; it is easy to find

nt
x = O (A3)
u
where
dx*
wh =2 , ds'=gu, dxt dx*
ds’

For macroscopic bodies there exist always the relations u'«u® (i=1, 2, 3);
using these relations, we can change (A3) to

714 a g
X ey ~3uo— a;"’ 5y° (Ad)

where 6y°=y°— Y7 and Y =X".
From (A1), (A2), and (A4), one can prove the transformation formulas
(15) and (16) after carrying out the integration over the hyperplane CD.

APPENDIX B

From the relation (12) we have
UO(ﬂ.MV[l +qul) = UA. ([JMVO) + U[.l().MVO)

Two other relations may be written by taking the cyclic permutations of the
indices Avu. Adding the first and second of these relations and subtracting
the third, we obtain

ZUO()‘MV” _ "M tval 4 M [ua] +*M [vﬂ-])
= Ul (VM (u0) _|_#M(V0)) + Ul (VM[HOI +IJM[V0])
+ UV(Z,M[;JO]_;JM[AO])+ Uy(/lM[VOI_vM[ZO]) (Bl)
From (B1), (7), and the relation
UM +EM V=0 M * + UMM
=U(U L+ UML)

one can easily prove the transformation formula (21).
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ADDITIONAL REMARKS

From (43) and (44") we can get the total angular momentum equation
of motion for test bodies:

i(Laﬂ'i'Saﬁ):—({ a }Laﬁ_l_{ ﬂ }Lao—+raaﬂsaﬁ+rﬁausao‘) Uu
ds ou ou

+p*UP-pU" (R1)

This equation also can be derived in the following way. When the energy-
momentum tensor is symmetric, equations (1') and (2') reduce to

\d V | 473 v
3 “,,,+{ }z #—3CP Ryp, =0 (R2)
op
and
g =—r°,,C°P"—1?, g (R3)
Since
a (TP — xPr) =3 P+ 5T - XP T,
ax" ’ ’
we have
0 acypu Byap acypBu Berau
ﬁ(xi —x Iy =x"TH  — "I, (R4)

Utilizing (R4) and (R2), we can write (R3) in the form

% (€ + x= TP — P M)

= _I‘“a”(gdﬁu _ l_'ﬂa,,(i”” —x° ({ol;}zdu — %(‘;;"’”R;_p,,ﬂ)

+xP ({:ﬂ}z"" —%GAP”R,IP,,“) (R5)
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It is not difficult to derive the following relation from (R5):
U#

d u*
— (S + Ly +— M*°-
dS( ) U° U°

M*°=—(T",,8°°+I?*,,8°°)U*

+{ 3 }ﬁM"”-{ b }"M"" (R6)
ou ou

This equation is the sum of (40) and (43), which is equivalent to (R1).
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